Abstract. Let I ν and K ν denote the modified Bessel functions of the first and second kinds of order ν. In this note we prove that the monotonicity of u → I ν (u)K ν (u) on (0, ∞) for all ν ≥ −1/2 is an almost immediate consequence of the corresponding Turán type inequalities for the modified Bessel functions of the first and second kinds of order ν. Moreover, we show that the function u →
Preliminaries and main results
Let I ν and K ν denote, as usual, the modified Bessel functions of the first and second kinds of order ν. Recently, motivated by a problem which arises in biophysics, Penfold et al. [13, Theorem 3 .1] proved, in a complicated way, that the product of the modified Bessel functions of the first and second kinds, i.e. u → P ν (u) = I ν (u)K ν (u), is strictly decreasing on (0, ∞) for all ν ≥ 0. It is worth mentioning that this result for ν = n ≥ 1, a positive integer, was verified in 1950 by Phillips and Malin [14, Corollary 2.2] . In this note our aim is to show that using the idea of Phillips and Malin, the monotonicity of u → P ν (u) for ν ≥ −1/2 can be verified easily by using the corresponding Turán type inequalities for modified Bessel functions. Moreover, we show that the function u → I ν (u)K ν (u) is strictly completely monotonic on (0, ∞) for all ν ∈ [−1/2, 1/2], i.e. for all u > 0, ν ∈ [−1/2, 1/2] and m = 0, 1, 2, . . . , we have
In order to achieve our goal we improve some of the results of Phillips and Malin [14, Eq. 1] concerning bounds for the logarithmic derivatives of the modified Bessel and Hankel functions. Our main result reads as follows:
The following assertions are true:
Proof of the main result
In this section our aim is to prove the assertions stated in Theorem 1; for the sake of completeness we also point out some historical facts concerning the corresponding Turán type inequalities.
a. Our strategy is as in the paper [14] . Specifically, we first show that for all u > 0 the following inequalities hold true:
Inequality (2.1) for ν > 0 was first proved by Gronwall [6, Eq. 16 ] in 1932, motivated by a problem in wave mechanics; in 1950 it appeared also in Phillips and Malin's paper [14, Eq. 1] for ν = n ≥ 1, a positive integer. An equivalent form of (2.1) is known in the literature as Amos' inequality. More precisely, observe that in view of the recurrence relations
the Turán type inequality . For more details on Turán type inequalities the interested reader is referred to the papers [2] , [3] , [4] , [5] , [8] , [9] , [10] , [15] and to the references therein. Finally, let us note that in 1994 Lorch [10, p. 79] proved that (2.3) in fact holds for all ν ≥ −1/2 and u > 0. From this we conclude that (2.1) holds too for all ν ≥ −1/2 and u > 0. Now, let us focus on the inequality (2.2). This inequality was proved for positive integers ν = n ≥ 1 by Phillips and Malin [14, Eq. 1] in 1950. For ν ∈ R and u > 0 consider the Turán type inequality 
we obtain that the Turán type inequality (2.4) is equivalent to the inequality which holds for all ν ∈ R and u > 0. Now, since the function u → K ν (u) is decreasing on (0, ∞) for all ν ∈ R, it follows that (2.4) is equivalent to (2.2). Finally, by using the inequalities (2.1) and (2.2), we conclude that 
Thus, the function u → u −ν I ν (u)e −u is in fact strictly completely monotonic on (0, ∞) for each ν ≥ −1/2. On the other hand, due to Miller and Samko [11, Theorem 5] it is known that the function u → u min{ν,1/2} e u K ν (u) is completely monotonic on (0, ∞) for each ν ≥ 0. Clearly, from this it follows that the function u → u ν e u K ν (u) is completely monotonic on (0, ∞) for each ν ∈ [0, 1/2]. Now, since by the Leibniz formula for derivatives the product of a strictly completely monotonic and a completely monotonic function is strictly completely monotonic, we conclude that the function u → P ν (u) is strictly completely monotonic on (0, ∞) for all ν ∈ [0, 1/2]. In [13] Penfold et al. used a similar argument to that presented above in order to study the monotonicity of the function u → P ν (u) for ν ∈ [0, 1/2]. However, it seems that the authors of [13] overlooked the fact that inequality (2.5) is strict. Now, observe that since K ν (u) = K −ν (u), we obtain from Miller and Samko's result that the function c. Since the function u → u −ν I ν (u)e −u is strictly completely monotonic on (0, ∞) for each ν ≥ −1/2 and the function u → u 1/2 e u K ν (u) is completely monotonic on (0, ∞) for each ν ≥ 1/2, the result follows.
Concluding remarks and further results
In this note we have shown that the monotonicity of the function u → I ν (u)K ν (u) can be deduced easily by using the Turán type inequalities (2.3) and (2.4). In the process of deducing this result we have improved the range of validity for the inequalities (2.1) and (2.2), which are in fact equivalent to the inequalities (2.3) and (2.4). We note that our approach is much simpler than the methods used in [13] and [14] .
Motivated by the inequalities (2. 
holds true. From this we obtain that for each positive integer ν and u > 0,
Then, using the corresponding recurrence relations, as in the proof of (2.2), we obtain that the Turán type inequality holds true for all negative integers ν and all u > 0. As far as we know these Turán type inequalities are new, and based on numerical experiments we conjecture the following:
Conjecture. The inequality (3.3) holds for all real ν ≥ 0, while (3.4) holds for all real ν ≤ 0.
